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Abstract
Fluid motion driven by thermal effects, such as that due to buoyancy in dif-
ferentially heated three-dimensional (3D) enclosures, arise in several natural
settings and engineering applications. It is represented by the solutions of the
Navier-Stokes equations (NSE) in conjunction with the thermal energy trans-
port equation represented as a convection-diffusion equation (CDE) for the
temperature field. In this study, we develop new 3D lattice Boltzmann (LB)
methods based on central moments and using multiple relaxation times for the
three-dimensional, fifteen velocity (D3Q15) lattice, as well as it subset, i.e. the
three-dimensional, seven velocity (D3Q7) lattice to solve the 3D CDE for the
temperature field in a double distribution function framework. Their collision
operators lead to a cascaded structure involving higher order terms resulting in
improved stability. In this approach, the fluid motion is solved by another 3D
cascaded LB model from prior work. Owing to the differences in the number of
collision invariants to represent the dynamics of flow and the transport of the
temperature field, the structure of the collision operator for the 3D cascaded
LB formulation for the CDE is found to be markedly different from that for
the NSE. The new 3D cascaded (LB) models for thermal convective flows are
validated for natural convection of air driven thermally on two vertically oppo-
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site faces in a cubic cavity enclosure at different Rayleigh numbers against prior
numerical benchmark solutions. Results show good quantitative agreement of
the profiles of the flow and thermal fields, and the magnitudes of the peak con-
vection velocities as well as the heat transfer rates given in terms of the Nusselt
number.
Keywords: Cascaded lattice Boltzmann Method, Central Moments, Thermal
Convective Flow, 3D Natural Convection.
1. Introduction
The thermal energy transport equation for convective flows, represented by
means of a convection-diffusion equation (CDE) for the temperature field, can be
classified as a combined hyperbolic and parabolic type partial differential equa-
tion (PDE). Solution of an such equation has received considerable attention for
its key role in the study of many transport phenomena arising in various thermal
science and engineering applications. In addition, the CDE-type models repre-
sent several important associated physical phenomena in fluid dynamics, such
as the transport of the concentration of a chemical species as a passive scalar,
and in the implicit capturing of interfaces in multiphase flows represented by
phase field models. Whereas only for relatively simple geometries and bound-
ary conditions, and under idealized physical situations exact analytical solutions
of such equations are available, the development and applications of numerical
methods play an essential role in investigations related to thermal convective
flows, especially in three-dimensions (3D). Numerical techniques such as the
finite difference, finite volume and finite element methods based on the direct
discretization of the continuum PDEs such as the CDE have been investigated
in the past. From a different perspective, the lattice Boltzmann (LB) method
has recently been demonstrated to be a very effective numerical approach for
the representation of many complex fluid systems.
The LB method, which originated from the lattice gas automata, formally
derives its basis from kinetic formulations that represent the streaming of the
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particle distribution functions and followed by their collisions. Here, the stream-
ing is represented as a perfect-shift advection along lattice links, whereas the
effects of collision are modeled as a relaxation process, while obeying appro-
priate conservation laws. The emergent continuum fluid behavior, then, arises
as the averaged effect of such streaming and local collision steps. As such, the
LB method, which may be characterized as a mesoscopic approach and derived
as a minimal kinetic equation from the discretization of the Boltzmann equa-
tion [1], has certain important physical and computational advantages. These
include its natural ability to incorporate kinetic models for complex flows, ease
of representation of boundary conditions, and inherent parallelization capabil-
ities due to its localized computational steps facilitating efficient simulation of
large problems. Naturally, the LB method has found a range of applications to a
variety of complex flows, including multiphase flows, multicomponent systems,
turbulence, particulate flows, thermal convective flows and microscale phenom-
ena [2, 3, 4, 5]. More recently, further improvements to the lattice Boltzmann
method (LBM) has focused on enhancing its numerical stability, accuracy as
well as computational efficiency.
Based on how the collision step is modeled, both the numerical stability and
accuracy are strongly influenced. A popular choice due to its simplicity is the
single relaxation time (SRT) model, which represents the relaxation of the distri-
bution functions to their equilibria at the same rate that represent the diffusive
transport in fluids [6, 7]. It has been shown to be prone to numerical instability
for convection-dominated flows, have some limitations in the representation of
boundary conditions, and are restricted in the simulation of thermal flows at a
fixed Prandtl number. Multiple relaxation time (MRT) based LBM have been
developed to address the above issues encountered with the SRT models [8]. In
the MRT model, different raw moments, which are weighted summations of the
product of the distribution function with the particle velocity components at
different orders, are relaxed at different rates. Further improvements were more
recently achieved by means of considering relaxation of central moments, which
are obtained by shifting the particle velocity by the fluid velocity, to their local
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equilibria at different rates [9]. Such a central moment based MRT scheme is re-
ferred to as the cascaded MRT LBM. It representation in terms of a generalized
local equilibrium was demonstrated by [10], construction of forcing terms and
including them in 3D by [11] and a preconditioning formulation for convergence
acceleration by [12]. The significant advantages of the cascaded central moment
LBM was recently demonstrated by [13].
During their early stages of development, the LB models focused on their ap-
plications to isothermal fluid flows. However, owing to numerous applications of
thermal convection in fluids in natural settings and engineering, LB models for
flows with heat transfer effects have also received considerable attention more re-
cently. Generally, the following types of approaches have been considered in the
LB framework for simulation of thermal convective flows: (a) Multispeed (MS)
LB schemes [14, 15, 16, 17], (b) hybrid approach (e.g. [18]), and (c) double dis-
tribution function (DDF) based LBM [19, 20, 21]. MS-Thermal LB models are
obtained by including additional discrete velocities to the distribution function
and using a higher order velocity expansion of the Maxwellian for modeling the
equilibrium distribution; here, a single distribution function is used to represent
the evolution of both velocity and temperature fields. Such approaches have
severe restrictions in numerical stability and hence results in a narrow range of
temperature variation. The hybrid approach considers using a LB model for the
flow field and solves the thermal energy equation by means of another numerical
scheme such as the finite difference method. The DDF-LB schemes considers
the evolution of two different distribution functions, which have overcome many
of the limitation of other formulations, and are now widely used.
Most of the prior studies related to the development and applications of
DDF-based LB models consider SRT models and generally limited to two-
dimensions (2D) [22, 23, 24]. The corresponding MRT based DDF-LB formula-
tions were investigated by [25, 26, 27, 21]. For general practical applications, it
is important to expand the capabilities of the LBM for thermal convective flows
in 3D. However, only limited studies have so for been conducted in the litera-
ture in this regard. One of the earliest 3D LB models for heat transfer based
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on a passive scalar approach was presented by [28], who performed simulations
of Rayleigh-Benard convection using a SRT model. Subsequently, [29] devel-
oped a 3D SRT LBM based on DDF approach and studied natural convection
in a cubic cavity. More recently, [26] presented a MRT-LBE in 3D for CDE.
Furthermore, [30, 31] and [32] employed the DDF-based LBM in 3D using the
MRT formulation for certain heat transfer problems.
In our present work, we present new 3D LB formulations based on the cas-
caded approach using central moments within a DDF approach to represent
flows with thermal transport by convection and diffusion processes. Such a
collision model is constructed using a moving frame of reference and involving
central moment relaxation based on MRT. Due to the locality of the computa-
tional steps, these models maintain intrinsic parallelization properties enabling
solution of large problems involving flows with heat transfer. Furthermore, the
use of the cascaded central moment formulation would result in greater numer-
ical stability to simulate 3D thermal convective flows. In this DDF approach,
the cascaded LB scheme for the 3D fluid motion representing the solution of
the Navier-Stokes equations (NSE) is based on a previous work. On the other
hand, a new cascaded LB formulation for the solution of the 3D thermal trans-
port equation represented by the CDE will be derived and investigated in this
work. Here, it may be pointed out that the structure of the 3D cascaded col-
lision operators to represent the CDE will be seen to be very different from
that corresponding to the solution of the NSE using the same lattice. Such
differences in the expressions for the collision kernels arise due to the number
of collision invariants being different between solving the NSE (mass and mo-
mentum components, i.e. 1+3) and the CDE (scalar field, i.e. 1). In addition,
in order to maintain generality of our 3D cascaded LB scheme, we consider rep-
resentation of a local heat source in the CDE via a source term in the velocity
space using a variable transformation. We will discuss derivations of the 3D
cascaded LBE for the CDE representing the 3D thermal transport equations
using both three-dimensional, fifteen velocity (D3Q15) lattice and its subset,
viz., the three-dimensional, seven velocity (D3Q7) lattice. Finally, we present
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a quantitative validation of our 3D cascaded LB model for thermal convective
flow by considering the simulation of 3D natural convection in a cubic cavity,
which is a classical benchmark problem in this regard [33, 34, 35]. In particular,
we will compare the structure of the velocity and temperature fields, as well as
the heat transfer coefficient given in terms of the Nusselt number for different
Rayleigh numbers, against the 3D benchmark solutions.
This paper is organized as follows. In the next section (Sec.2), we present
the derivation of the 3D cascaded LBM for CDE representing the transport
of the temperature field using the D3Q15 lattice following a brief exposition
of the corresponding model for fluid flow. Section 3 presents the results and
discussion of a numerical validation study involving the natural convection in
a cubic enclosure containing air at different Rayleigh numbers. Finally, Sec. 4
provides a summary and conclusions arising from this work. In addition, the
results of the derivation of the 3D cascaded LBM for CDE using a D3Q7 lattice
are presented in Appendix C.
2. Three-dimensional Cascaded LBE for Thermal Convective Flows
using D3Q15 Lattice
A DDF-based cascaded LBM for the computation of the coupled fluid motion
with a scalar temperature field will now be constructed. Here, a distribution
function fα, whose evolution is represented by a cascaded LB formulation for
the solution of the Navier-Stokes equations (NSE), will be considered along with
a separate distribution function gα, whose dynamics is represented by another
cascaded LB scheme for the convection-diffusion equation (CDE) of the scalar
field. To maintain generality, the fluid motion, i.e. velocity u, is considered to be
influenced by a spatially/temporally varying body force F and the scalar φ (such
as the temperature T ) by a local heat source R. We will derive the cascaded
LB formulations for the typical lattice in 3D, i.e. the three-dimensional, fifteen
velocity (D3Q15) lattice.
6
2.1. 3D Cascaded LB Model for Fluid Flow
Our goal is to first solve for the flow field represented by the 3D NSE given
by
∂tρ+∇ · (ρu) = 0, (1a)
∂t(ρu) +∇ · (ρuu) = −∇P +∇ ·Πv + F , (1b)
where ρ = ρ(x, t) and u(x, t) are the local fluid density and velocity, respectively,
at a location x = (x, y, z) and time t. Here, P,Πv and F represent the pressure,
viscous stress tensor, and a local body force, respectively. It is assumed that
F = F (x, t). The 3D central moment LBM for the solution of Eqs. (1a) and (1b),
including a local source term Sα in the velocity space for the D3Q15 lattice is
presented in [36] as an extension of the cascaded LB model derived by [9].
A trapezoidal rule is considered in the characteristic integration of the source
term to maintain second order accuracy, and then a variable transformation
f¯α = fα − 12Sα is introduced to remove implicitness. Here, α = 0, 1, . . . , 14.
Briefly, the 3D cascaded LBM for fluid flow with a body force may then be
written as [36]
˜¯fα(x, t) = f¯α(x, t) + (K · gˆ)α + Sα(x, t), (2a)
f¯α(x+ eα, t+ 1) =
˜¯fα(x, t). (2b)
Here, Eqs. (2a) and (2b) represent the collision and streaming steps, respec-
tively. ˜¯fα represents the post-collision distribution function, K is the orthogonal
collision matrix, and gˆ is the collision kernel, which is obtained from the relax-
ation of the central moments at different orders to their corresponding local
equilibria. While the focus here is on the derivation of a new cascaded LBE
for the 3D CDE as discussed in what follows, for completeness, we present a
summary of the expressions for K, gˆ, Sα, and ˜¯fα for the solution of the 3D NSE
in Appendix A. Once the distribution functions are updated, the hydrodynamic
variables are obtained from the various kinetic moments as
ρ = Σαf¯α, ρu = Σαf¯αeα +
1
2
F . (3)
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2.2. 3D Cascaded LB Model for Transport of Temperature Field
We now present a derivation of a 3D cascaded LBM on a D3Q15 lattice for
the transport of any generic scalar field φ (such as temperature, i.e. φ = T ),
which satisfies the following CDE:
∂tφ+∇ · (uφ) =∇ · (Dφ∇φ) +R, (4)
where φ = φ(x, t), ∇ = (∂x, ∂y, ∂z), Dφ is the coefficient of diffusivity, R =
R(x, t) is the local source term, and the velocity field u can be obtained from
the LB model discussed earlier. The approach that is taken in this regard con-
sists of the following overall steps: (1) Construct an orthogonal moment basis
starting from an initial set of linearly independent nonorthogonal basis vectors
for the D3Q15 lattice. (2) Prescribe expressions for the continuous central mo-
ments of equilibria and the source term at different orders and set them equal
to their discrete central moments used in the cascaded LB formulation; obtain
corresponding raw moments at different orders. (3) Determine the structure of
the cascaded collision kernel via considering a relaxation of central moments
to their local equilibria at different orders, and obtain the source terms in the
velocity space.
The components of the particle velocity for the D3Q15 lattice can be written
as
|eαx〉 = (0, 1,−1, 0, 0, 0, 0, 1,−1, 1,−1, 1,−1, 1,−1)† ,
|eαy〉 = (0, 0, 0, 1,−1, 0, 0, 1, 1,−1,−1, 1, 1,−1,−1)† ,
|eαz〉 = (0, 0, 0, 0, 0, 1,−1, 1, 1, 1, 1,−1,−1,−1,−1)† , (5)
and a corresponding unit vector may be represented by
|φ〉 = (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1)† . (6)
Here, we have used the notations 〈·| and |·〉 to represent the row and the column
vectors respectively, † is the transpose operator, and the operation 〈a|b〉 repre-
sents the dot product of any two vectors a and b. Using successively higher order
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orders of the monomials emαxenαyepαz, we can write the following nonorthogonal
basis vectors
|T0〉 = |φ〉 ,
|T1〉 = |eαx〉 , |T2〉 = |eαy〉 , |T3〉 = |eαz〉 ,
|T4〉 = |eαxeαy〉 , |T5〉 = |eαxeαz〉 , |T6〉 = |eαyeαz〉 ,
|T7〉 = |e2αx − e2αy〉 , |T8〉 = |e2αx − e2αz〉 , |T9〉 = |e2αx + e2αy + e2αz〉 ,
|T10〉 = |eαx(e2αx + e2αy + e2αz)〉 , |T11〉 = |eαy(e2αx + e2αy + e2αz)〉 , (7)
|T12〉 = |eαz(e2αx + e2αy + e2αz)〉 , |T13〉 = |eαxeαyeαz〉 ,
|T14〉 = |e2αxe2αy + e2αxe2αz + e2αye2αz〉 .
By applying the Gram-Schmidt orthogonalization method on the above set,
we can obtain the corresponding set of orthogonal basis vectors, which are
grouped together into the following collision matrix K as
K = [K0,K1,K2,K3,K4,K5,K6,K7,K8,K9,K10,K11,K12,K13,K14]
where
K0 = |φ〉 ,
K1 = |eαx〉 , K2 = |eαy〉 , K3 = |eαz〉 ,
K4 = |eαxeαy〉 , K5 = |eαxeαz〉 , K6 = |eαyeαz〉 ,
K7 = |e2αx − e2αy〉 , K8 = |e2αx + e2αy + e2αz〉 − 3 |e2αz〉 , K9 = |e2αx + e2αy + e2αz〉 − 2 |φ〉 ,
K10 = 5 |eαx(e2αx + e2αy + e2αz)〉 − 13 |eαx〉 , K11 = 5 |eαy(e2αx + e2αy + e2αz)〉 − 13 |eαy〉 ,
K12 = 5 |eαz(e2αx + e2αy + e2αz)〉 − 13 |eαz〉 ,
K13 = |eαxeαyeαz〉 ,
K14 = 30 |e2αxe2αy + e2αxe2αz + e2αye2αz〉 − 40 |e2αx + e2αy + e2αz〉+ 32 |φ〉 .
(8)
Then, we define the continuous central moments of equilibria needed in the
construction of the cascaded collision kernel for the 3D CDE as follows:
Π̂eq,φxmynzp =
∫ ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
geq(ξx − ux)m(ξy − uy)n(ξz − uz)pdξxdξydξz, (9)
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where geq is the equilibrium distribution function in the continuous velocity
space (ξx, ξy, ξz) for the scalar field φ, which is given by geq ≡ geq(φ,u, ξ) =
φ
2pic
3/2
sφ
exp
[
− (ξ−u)2
2c2sφ
]
. Here csφ is a free parameter, which will be related to the
desired coefficient of diffusivity Dφ later. Typically, we set c2sφ =
1
3 , though it
can be chosen to be at other values and different from that for the cascaded LB
model for the flow field (see Appendix A). Moreover, u in the above is the fluid
velocity which is obtained in the previous section. It may be noted that the
above equilibrium distribution function is obtained from the local Maxwellian
by replacing the density with the scalar field φ used in our DDF scheme. Then,
rewriting the component of Eq. (9) in the increasing order of moments as
Π̂eq,φ0 = φ,
Π̂eq,φx = Π̂
eq,φ
y = Π̂
eq,φ
z = 0,
Π̂eq,φxx = Π̂
eq,φ
yy = Π̂
eq,φ
zz = c
2
sφφ,
Π̂eq,φxy = Π̂
eq,φ
xz = Π̂
eq,φ
yz = Π̂
eq,φ
xyy = Π̂
eq,φ
xxy = Π̂
eq,φ
xxz = Π̂
eq,φ
xyz = 0,
Π̂eq,φxxyy = c
4
sφφ.
Here, and henceforth, the use of hat over a symbol represents any quantity in
the moment space. Similarly, the continuous central moments due to source
term R in Eq. (4) may be defined as
Γ̂Rxmynzp =
∫ ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
∆gR(ξx − ux)m(ξy − uy)n(ξz − uz)pdξxdξydξz. (10)
where ∆gR is the change in the distribution for the scalar field due to the
source term. As the source term R can only effect the lowest, i.e. zeroth central
moment, the component of Eq. (10) maybe written as
Γ̂R0 = R,
Γ̂Rx = Γ̂
R
y = Γ̂
R
z = Γ̂
R
xx = Γ̂
R
yy = Γ̂
R
zz = Γ̂
R
xy = Γ̂
R
xz = Γ̂
R
yz = 0,
Γ̂Rxyy = Γ̂
R
xxy = Γ̂
R
xxz = Γ̂
R
xyz = Γ̂
R
xxyy = 0. (11)
The cascaded LBE representing the transport of the 3D CDE can be ob-
tained by applying a trapezoidal rule for the treatment of the source term in
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the characteristic integration to maintain a second order accuracy. Thus, we
have
gα(x+eα, t+ 1) = gα(x, t) + Ω
g
α(x, t) +
1
2
[
Sφα(x, t) + S
φ
α(x+ eα, t+ 1)
]
, (12)
where Sφα is the source term in the velocity space that effectively accounts for
the term R(x, t) in the macroscopic CDE. In the above equation, the collision
term Ωgα(x, t) can be modeled by
Ωgα ≡ Ωgα(g, ĥ) = (K · ĥ)α, (13)
where g = (g0, g1, · · · , g14)† is the vector of the distribution function in Eq. (12),
and ĥ = (ĥ0, ĥ1, · · · , ĥ14)† is the vector of the unknown collision kernel which
will be determined later. For removing the implicitness, while maintaining a
second-order accuracy, by applying a variable transformation [37], g¯α = gα− 12Sφα
in Eq. (12), we obtain
g¯α(x+ eα, t+ 1) = g¯α(x, t) + Ω
g
α(x, t) + S
φ
α(x, t). (14)
This 3D central moment LBE may be rewritten in terms of the following
collision and streaming steps for the purpose of implementation as
˜¯gα(x, t) = g¯α(x, t) + (K · hˆ)α + Sφα(x, t), (15a)
g¯α(x+ eα, t+ 1) = ˜¯gα(x, t), (15b)
where the symbol ∼ in the above represents the post collision distribution func-
tion. In order to construct the structure of the cascaded collision and the source
terms for representing the 3D CDE, we first define the following set of discrete
central moments as
κˆφxmynzp
κˆeq,φxmynzp
σˆφxmynzp
ˆ¯κφxmynzp
 =
∑
α

gα
geqα
Sφα
g¯α
(eαx − ux)
m(eαy − uy)n(eαz − uz)p, (16)
where ˆ¯κφxmynzp = κˆ
φ
xmynzp − 12 σˆφxmynzp . Then, by equating the discrete central
moments of the equilibrium distribution function and source term with their
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corresponding continuous central moments at different orders, i.e. κˆeq,φxmynzp =
Π̂eq,φxmynzp and σˆ
φ
xmynzp = Γ̂
R
xmynzp , respectively, we get
κˆeq,φ0 = φ,
κˆeq,φx = κˆ
eq,φ
x = κˆ
eq,φ
x = 0,
κˆeq,φxx = κˆ
eq,φ
yy = κˆ
eq,φ
zz = c
2
sφφ,
κˆeq,φxy = κˆ
eq,φ
xz = κˆ
eq,φ
yz = κˆ
eq,φ
xyy = κˆ
eq,φ
xxy = κˆ
eq,φ
xxz = κˆ
eq,φ
xyz = 0,
κˆeq,φxxyy = c
4
sφφ, (17)
and
σˆφ0 = R,
σˆφx = σˆ
φ
y = σˆ
φ
z = 0,
σˆφxx = σˆ
φ
yy = σˆ
φ
zz = σˆ
φ
xy = σˆ
φ
xz = σˆ
φ
yz = 0,
σˆφxyy = σˆ
φ
xxy = σˆ
φ
xxz = σˆ
φ
xyz = 0,
σˆφxxyy = 0. (18)
Since the calculations are effectively carried out in term of various raw moments,
we define the following set of the raw moments at different orders as
κˆφ
′
xmynzp
κˆeq,φ
′
xmynzp
σˆφ
′
xmynzp
ˆ¯κφ
′
xmynzp
 =
∑
α

gα
geqα
Sφ
′
α
g¯α
e
m
αxe
n
αye
p
αz, (19)
where ˆ¯κφ
′
xmynzp = κˆ
φ′
xmynzp − 12 σˆφ
′
xmynzp , and the use of primes over any symbol
here and henceforth refer to raw moments. From the above, we first determine
the expressions for the source terms in the velocity space in Eq. (14). In this
regard, as an intermediate step, by applying the binomial theorem on Eq. (18),
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we obtain the discrete raw moments of the source terms at different orders as
σˆφ
′
0 = R,
σˆφ
′
x = uxR, σˆ
φ′
y = uyR, σˆ
φ′
z = uzR,
σˆφ
′
xx = u
2
xR, σˆ
φ′
yy = u
2
yR, σˆ
φ′
zz = u
2
zR,
σˆφ
′
xy = uxuyR, σˆ
φ′
xz = uxuzR, σˆ
φ′
yz = uyuzR,
σˆφ
′
xyy = uxu
2
yR, σˆ
φ′
xxy = u
2
xuyR, σˆ
φ′
xxz = u
2
xuzR,
σˆφ
′
xyz = uxuyuzR,
σˆφ
′
xxyy = u
2
xu
2
yR.
Next, from this, we obtain the source terms projected to the orthogonal basis
vector K, i.e. m̂s,φ = (Kα · Sφ), where Sφ = (Sφ0 , Sφ1 , Sφ2 , . . . , Sφ14). That is,
m̂s,φ0 = 〈K0|Sφα〉 = R, m̂s,φ1 = 〈K1|Sφα〉 = uxR, m̂s,φ2 = 〈K2|Sφα〉 = uyR,
m̂s,φ3 = 〈K3|Sφα〉 = uzR, m̂s,φ4 = 〈K4|Sφα〉 = uxuyR, m̂s,φ5 = 〈K5|Sφα〉 = uxuzR,
m̂s,φ6 = 〈K6|Sφα〉 = uyuzR, m̂s,φ7 = 〈K7|Sφα〉 = (u2x − u2y)R,
m̂s,φ8 = 〈K8|Sφα〉 = (u2x + u2y − 2u2z)R, m̂s,φ9 = 〈K9|Sα〉 = (u2x + u2y + u2z − 2)R,
m̂s,φ10 = 〈K10|Sφα〉 = 5
[
(u3x + uxu
2
y + uxu
2
z)R)
]− 13uxR,
m̂s,φ11 = 〈K11|Sφα〉 = 5
[
(u2xuy + u
3
y + uyu
2
z)R)
]− 13uyR,
m̂s,φ12 = 〈K12|Sφα〉 = 5
[
(u2xuz + u
2
yuz + u
3
z)R)
]− 13uzR,
m̂s,φ13 = 〈K13|Sφα〉 = uxuyuzR,
m̂s,φ14 = 〈K14|Sφα〉 = 30
[
(u2xu
2
y + u
2
xu
2
z + u
2
yu
2
z)R)
]− 40 [(u2x + u2y + u2z)R)]+ 32R.
(20)
Finally, by inverting the above, i.e. Sφ = K−1 ·m̂s,φ, and exploiting the orthog-
onality of K, we can determine the explicit expressions for the source terms in
the velocity space Sφα, which are listed in Appendix B.
In order to construct the collision kernel ĥ for the 3D cascaded collision
operator for the scalar field φ, we need the raw moments of the collision kernel
of different orders, i.e.
∑
α
(K · ĥ)αemαxenαyepαz. Using the orthogonality property
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of K, and considering that the only conserved invariant of this 3D cascaded LBE
is the scalar field φ corresponding to the zeroth moment (i.e. ĥ0 = 0), we get∑
α(K · ĥ)α = 0,
∑
α(K · ĥ)αeαx = 10ĥ1,
∑
α(K · ĥ)αeαy = 10ĥ2,∑
α(K · ĥ)αeαz = 10ĥ3,
∑
α(K · ĥ)αeαxeαy = 8ĥ4,
∑
α(K · ĥ)αeαxeαz = 8ĥ5,∑
α(K · ĥ)αeαyeαz = 8ĥ6,
∑
α(K · ĥ)αe2αx = 2ĥ7 + 2ĥ8 + 6ĥ9,∑
α(K · ĥ)αe2αy = −2ĥ7 + 2ĥ8 + 6ĥ9,
∑
α(K · ĥ)αe2αz = −4ĥ8 + 6ĥ9,∑
α(K · ĥ)αeαxe2αy = 16ĥ10 + 8ĥ1,
∑
α(K · ĥ)αeαxe2αz = 16ĥ10 + 8ĥ1,∑
α(K · ĥ)αe2αxeαy = 16ĥ11 + 8ĥ2,
∑
α(K · ĥ)αeαye2αz = 16ĥ11 + 8ĥ2,∑
α(K · ĥ)αe2αxeαz = 16ĥ12 + 8ĥ3,
∑
α(K · ĥ)αe2αyeαz = 16ĥ12 + 8ĥ3,∑
α(K · ĥ)αeαxeαyeαz = 8ĥ13,
∑
α(K · ĥ)αe2αxe2αy = 8ĥ9 + 16ĥ14,∑
α(K · ĥ)αe2αxe2αz = 8ĥ9 + 16ĥ14,
∑
α(K · ĥ)αe2αye2αz = 8ĥ9 + 16ĥ14.
At this point, it is important to highlight the significant difference in the
derivation of the cascaded LBE for the fluid velocity u (given in Appendix
A) and that for the scalar field φ considered here. In the case of the fluid
flow, the mass and momentum components are the conserved variables for col-
lision, and hence its corresponding collision kernel components will be zero, i.e.
ĝ0 = ĝ1 = ĝ2 = ĝ3 = 0. However, in the present case, only the zeroth moment,
i.e. the passive scalar field is the conserved moment during collision. Hence,
ĥ0 = 0, but ĥ1 6= ĥ2 6= ĥ3 6= 0. Due to these differences, it will be evident in the
following that the expressions for the cascaded collision operator for the scalar
field φ are quite different from those for the fluid velocity u given in Appendix
A.
Finally based on the above, we determine the structure of the 3D cascaded
collision operator for the scalar field φ satisfying the CDE as follows: Begin-
ning first at the lowest order non-conserved post-collision central moments, i.e.
those for the first order moment components here, we set them equal to their
corresponding equilibrium states as an intermediate step. When the tentative
expression for a particular collision kernel component ĥα(α > 1) is obtained in
this manner, we discard the equilibrium assumption and multiply it by a cor-
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responding relaxation parameter ωφα. This step allows for a relaxation process
in terms of the central moments to represent the effect of collision in the 3D
cascaded LBM [9, 36]. After considerable algebraic manipulations and simplifi-
cations, and using the notation
η̂
φ′
xmynzp = κ̂
φ′
xmynzp + σ̂
φ′
xmynzp (21)
for brevity, we summarize the final expressions for the collision kernel compo-
nents ĥα as
ĥ0 = 0,
ĥ1 =
ωφ1
10
[
φux − κ̂φ
′
x − ux(R/2)
]
,
ĥ2 =
ωφ2
10
[
φuy − κ̂φ
′
y − uy(R/2)
]
,
ĥ3 =
ωφ3
10
[
φuz − κ̂φ
′
z − uz(R/2)
]
,
ĥ4 =
ωφ4
8
[
−η̂φ
′
xy + uy η̂
φ′
x + uxη̂
φ′
y −
(
φ+
R
2
)
uxuy
]
+
5
4
(
uyĥ1 + uxĥ2
)
,
ĥ5 =
ωφ5
8
[
−η̂φ
′
xz + uz η̂
φ′
x + uxη̂
φ′
z −
(
φ+
R
2
)
uxuz
]
+
5
4
(
uzĥ1 + uxĥ3
)
,
ĥ6 =
ωφ6
8
[
−η̂φ
′
yz + uz η̂
φ′
y + uy η̂
φ′
z −
(
φ+
R
2
)
uyuz
]
+
5
4
(
uzĥ2 + uyĥ3
)
,
ĥ7 =
ωφ7
4
[
−(η̂φ
′
xx − η̂
φ′
yy) + 2(uxη̂
φ′
x − uy η̂
φ′
y )−
(
φ+
R
2
)
(u2x − u2y)
]
+
5
(
uxĥ1 − uyĥ2
)
,
ĥ8 =
ωφ8
12
[
−(η̂φ
′
xx + η̂
φ′
yy − 2η̂
φ′
zz) + 2(uxη̂
φ′
x + uy η̂
φ′
y − 2uz η̂
φ′
z )−
(
φ+
R
2
)
(u2x + u
2
y − 2u2z)
]
+
5
3
(
uxĥ1 + uyĥ2 − 2uzĥ3
)
,
ĥ9 =
ωφ9
18
[
3c2sφφ− (η̂
φ′
xx + η̂
φ′
yy + η̂
φ′
zz) + 2(uxη̂
φ′
x + uy η̂
φ′
y + uz η̂
φ′
z )−
(
φ+
R
2
)
(u2x + u
2
y + u
2
z)
]
+
10
9
(
uxĥ1 + uyĥ2 + uzĥ3
)
,
15
ĥ10 =
ωφ10
16
[
−η̂φ
′
xyy + 2uy η̂
φ′
xy − u2y η̂
φ′
x + uxη̂
φ′
yy − 2uxuy η̂
φ′
y +
(
φ+
R
2
)
uxu
2
y
]
−
(
5
8
u2y +
1
2
)
ĥ1 − 5
4
uxuyĥ2 + uyĥ4 +
1
8
ux
(
−ĥ7 + ĥ8 + 3ĥ9
)
,
ĥ11 =
ωφ11
16
[
−η̂φ
′
xxy + 2uxη̂
φ′
xy + uy η̂
φ′
xx − u2xη̂
φ′
y − 2uxuy η̂
φ′
x +
(
φ+
R
2
)
u2xuy
]
−5
4
uxuyĥ1 −
(
5
8
u2x +
1
2
)
ĥ2 + uxĥ4 +
1
8
uy
(
ĥ7 + ĥ8 + 3ĥ9
)
,
ĥ12 =
ωφ12
16
[
−η̂φ
′
xxz + 2uxη̂
φ′
xz + uz η̂
φ′
xx − 2uxuz η̂
φ′
x − u2xη̂
φ′
z +
(
φ+
R
2
)
u2xuz
]
−5
4
uxuzĥ1 −
(
5
8
u2x +
1
2
)
ĥ3 + uxĥ5 +
1
8
uz
(
ĥ7 + ĥ8 + 3ĥ9
)
,
ĥ13 =
ωφ13
8
[
−η̂φ
′
xyz + uxη̂
φ′
yz + uy η̂
φ′
xz + uz η̂
φ′
xy − uyuz η̂
φ′
x − uxuz η̂
φ′
y − uxuy η̂
φ′
z +
(
φ+
R
2
)
uxuyuz
]
−5
4
(
uyuzĥ1 + uxuzĥ2 + uxuyĥ3
)
+ uzĥ4 + uyĥ5 + uxĥ6,
ĥ14 =
ωφ14
16
[
−η̂φ
′
xxyy + 2uy η̂
φ′
xxy + 2uxη̂
φ′
xyy − u2y η̂
φ′
xx − u2xη̂
φ′
yy − 4uxuy η̂
φ′
xy + 2uxu
2
y η̂
φ′
x + 2u
2
xuy η̂
φ′
y + c
4
sφφ
−
(
φ+
R
2
)
u2xu
2
y
]
+
5
4
(
uxu
2
yĥ1 + u
2
xuyĥ2
)
− 2uxuyĥ4 + 1
8
(
u2x − u2y
)
ĥ7 − 1
8
(
u2x + u
2
y
)
ĥ8
−
(
3
8
(u2x + u
2
y) +
1
2
)
ĥ9 + 2
(
uxĥ10 + uyĥ11
)
+ uyĥ2 + uxĥ1. (22)
Here, the relaxation parameters ωφα, where α = 1, 2, · · · 14, satisfy the usual
bounds 0 < ωφα < 2. The above cascaded collision kernel represents the 3D
convection-diffusion equation for any scalar field φ (such as temperature) with
a source term, where the coefficient of diffusivity Dφ is related to the relaxation
times of the first order moments by
Dφ = c
2
sφ
(
1
ωφj
− 1
2
)
, j = 1, 2, 3. (23)
The remaining relaxation parameters for the higher order moments influence
numerical stability and can be tuned independently. In this work, we set them
to unity. Notice that the structure of the collision kernel of the 3D cascaded
LBE for the scalar field φ is markedly different from that for the fluid flow (see
Appendix A). In particular, the "cascaded" structure for the scalar field starts
from the second order moment components onward, while that for the fluid flow
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begins from the third order moments owing to the differences in the number of
collision invariants as mentioned earlier.
Finally, by expanding the elements of the product (K · ĥ)α in Eq. (13) and
using it in Eq. (15a), the post-collision distribution functions in the velocity
space, i.e. g˜α are given by
g˜0 = g0 +
[
ĥ0 − 2ĥ9 + 32ĥ14
]
+ Sφ0 ,
g˜1 = g1 +
[
ĥ0 + ĥ1 + ĥ7 + ĥ8 − ĥ9 − 8ĥ10 − 8ĥ14
]
+ Sφ1 ,
g˜2 = g2 +
[
ĥ0 − ĥ1 + ĥ7 + ĥ8 − ĥ9 + 8ĥ10 − 8ĥ14
]
+ Sφ2 ,
g˜3 = g3 +
[
ĥ0 + ĥ2 − ĥ7 + ĥ8 − ĥ9 − 8ĥ11 − 8ĥ14
]
+ Sφ3 ,
g˜4 = g4 +
[
ĥ0 − ĥ2 − ĥ7 + ĥ8 − ĥ9 + 8ĥ11 − 8ĥ14
]
+ Sφ4 ,
g˜5 = g5 +
[
ĥ0 + ĥ3 − 2ĥ8 − ĥ9 − 8ĥ12 − 8ĥ14
]
+ Sφ5 ,
g˜6 = g6 +
[
ĥ0 − ĥ3 − 2ĥ8 − ĥ9 + 8ĥ12 − 8ĥ14
]
+ Sφ6 ,
g˜7 = g7 +
[
ĥ0 + ĥ1 + ĥ2 + ĥ3 + ĥ4 + ĥ5 + ĥ6 + ĥ9 + 2ĥ10 + 2ĥ11 + 2ĥ12
+ĥ13 + 2ĥ14
]
+ Sφ7 ,
g˜8 = g8 +
[
ĥ0 − ĥ1 + ĥ2 + ĥ3 − ĥ4 − ĥ5 + ĥ6 + ĥ9 − 2ĥ10 + 2ĥ11 + 2ĥ12
−ĥ13 + 2ĥ14
]
+ Sφ8 ,
g˜9 = g9 +
[
ĥ0 + ĥ1 − ĥ2 + ĥ3 − ĥ4 + ĥ5 − ĥ6 + ĥ9 + 2ĥ10 − 2ĥ11 + 2ĥ12
−ĥ13 + 2ĥ14
]
+ Sφ9 ,
g˜10 = g10 +
[
ĥ0 − ĥ1 − ĥ2 + ĥ3 + ĥ4 − ĥ5 − ĥ6 + ĥ9 − 2ĥ10 − 2ĥ11 + 2ĥ12
+ĥ13 + 2ĥ14
]
+ Sφ10,
g˜11 = g11 +
[
ĥ0 + ĥ1 + ĥ2 − ĥ3 + ĥ4 − ĥ5 − ĥ6 + ĥ9 + 2ĥ10 + 2ĥ11 − 2ĥ12
−ĥ13 + 2ĥ14
]
+ Sφ11,
g˜12 = g12 +
[
ĥ0 − ĥ1 + ĥ2 − ĥ3 − ĥ4 + ĥ5 − ĥ6 + ĥ9 − 2ĥ10 + 2ĥ11 − 2ĥ12
+ĥ13 + 2ĥ14
]
+ Sφ12,
g˜13 = g13 +
[
ĥ0 + ĥ1 − ĥ2 − ĥ3 − ĥ4 − ĥ5 + ĥ6 + ĥ9 + 2ĥ10 − 2ĥ11 − 2ĥ12
+ĥ13 + 2ĥ14
]
+ Sφ13,
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g˜14 = g14 +
[
ĥ0 − ĥ1 − ĥ2 − ĥ3 + ĥ4 + ĥ5 + ĥ6 + ĥ9 − 2ĥ10 − 2ĥ11 − 2ĥ12
−ĥ13 + 2ĥ14
]
+ Sφ14. (24)
Upon performing the streaming step as given in Eq. (15b), using the above
updated distribution function g¯α, the scalar field φ can be finally computed as
φ =
14∑
α=0
g¯α +
1
2
R. (25)
For completeness, a simplified 3D cascaded LB formulation for the D3Q7 lattice
is also presented in Appendix C.
3. Results and Discussion
A main objective of this section is to validate the new 3D thermal cascaded
LB method discussed earlier for simulation of thermal convective flows. In this
regard, we perform simulations of natural convection in a cubic cavity, based
on which a comparison of the computed flow and thermal characteristic against
3D benchmark numerical solutions will be made. Natural convection of fluids
in differentially heated enclosures has numerous engineering applications and
arise in various natural settings. These include solar energy collectors, thermal
energy storage systems, cooling of electronic devices, ventilation of buildings
and crystal growth processes. It is chiefly characterized by the Rayleigh number
representing the strength of the buoyancy effects relative to the counteracting
thermal and momentum diffusion effects, and the Prandtl number. Some of the
classic 2D benchmark solutions for this problem include the results reported
by [38]. Given that the natural convective fluid motion in various cases of
practical interest are three dimensional in nature, there have been considerable
progress in obtaining benchmark numerical results for the 3D natural convection
in a cubic enclosure (e.g. [33]) and our present study uses such data as part of
the validation in the following.
A schematic of the geometric configuration for the physical model of the 3D
cubic cavity considered and the coordinate system is shown in Fig. 1. It consists
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of a cubic enclosure of side length L and the left wall and the right wall surfaces
are maintained at temperatures of TL and TH , respectively, where TH > TL; all
the other four wall surfaces are maintained to be adiabatic. The convective fluid
motion then arises naturally from the buoyancy force due to a local temperature
difference with respect to a reference temperature in the presence of a gravity
field. This thermally driven flow may be represented by means of the following
body force F in the NSE in Eq. (1b) under the Boussinesq approximation as
F = gβ(T − T0)k̂, (26)
where β is the coefficient of thermal expansion, T = T (x, y, z, t) is the local
x
y
z
TL THg
Figure 1: Geometric configuration for the physical model of the 3D cubic cavity and the
coordinate system.
temperature field, T0 = (TL + TH)/2 is the referencee temperature, g is the
acceleration due to gravity, and k̂ is the unit vector in the positive z-direction
in Fig. 1. This body force is used in the 3D cascaded LBM for fluid flow
discussed in Sec. 2.1, while the local temperature field needed in Eq. (26) is
obtained from the other 3D cascaded LBM for the thermal energy equation
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presented in Sec. 2.2. The velocity and the temperature boundary conditions
may be summarized as
ux = uy = uz = 0 for all walls (27)
T (x, y = 0, z) = TL, T (x, y = L, z) = TH , (28)
∂T
∂n̂ = 0 for all other walls (29)
where n̂ is the wall normal direction. The standard half-way bounce back
scheme is employed to implement the velocity boundary condition, and an anti-
bounce back scheme is used to represent the Dirichlet boundary conditions for
the scalar temperature field [26] and the Neumann boundary conditions are
implemented using the scheme given in [39]. The characteristic dimensionless
Rayleigh number Ra and the Prandtl number Pr for this problem are given by
Ra = gβ∆TL3/(αν), Pr = ν/α, (30)
where ∆T = TH − TL is the temperature difference between the hot and cold
surface, α and ν are the thermal diffusivity and kinematic viscosity of the fluid,
respectively. In the following, we will non-dimensionalize the coordinate lengths
by the scale L, components of the velocity by [gβL(TH − TL)]1/2 and the tem-
perature by T0. The corresponding dimensionless coordinates are then denoted
by (x, y, z), the velocity field by (ux, uy, uz) and the temperature field by T . A
key parameter characterizing the thermal transport during natural convection
is the Nusselt number. The mean Nusselt number at either the hot or cold wall
maybe represented as
Numean(z) =
∫ 1
x=0
∂T (x, y)
∂y
∣∣∣
y=0 or y=1
dx. (31)
In the following, we will consider simulations of natural convection of air (Pr =
0.71) at different values of the Rayleigh number Ra. We will use the 3D cascaded
LBM based on the D3Q15 lattice in this regard, and using a grid resolution of
91× 91× 91.
Figure 2 presents the temperature and velocity profiles between the adi-
abatic bottom and top walls in the z-direction ((a) and (c), respectively) and
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between the cold and hot surfaces in the y−direction ((b) and (d), respectively),
along the symmetry plane (x=0.5) at Ra = 105 computed using our 3D ther-
mal cascaded LBM. Also, plotted in these subfigures in symbols are the prior
reference benchmark solution based on directly solving the NSE [33]. It can be
seen that the computed structure of both the temperature and velocity fields
along different directions are in very good agrement with the benchmark nu-
merical results. The slopes of the temperature fields near both the adiabatic
and isothermal walls are found to be well captured by our 3D cascaded LBM
based on the DDF formulation. Furthermore, from the velocity profiles shown
in Figs. 2(c) and 2(d), it is evident, in particular, that both the peak magnitudes
and their locations of the fluid convection velocity are well reproduced by our
3D cascaded LB model.
Figure 3 presents the distribution of streamlines arising due to natural
convective fluid currents from differentially heated enclosures at two different
Rayleigh numbers of Ra = 104 and Ra = 105 along center planes in different co-
ordinate directions. In the vertical y− z midplane (x = 0.5), it can be seen that
at lower Ra of 104, a central vortex appears as a dominant characteristic of the
fluid motion. However, with increasing the Rayleigh number to 105, when the
natural convection effects becomes more pronounced, the central vortex breaks
up into a set of two vortices. In addition, it is evident that there is a cluster-
ing of streamlines near the wall surfaces. Scale analysis predicts the boundary
layer thickness δ near an isothermal wall set up by natural convection scales as
Ra−1/4. Hence, there is a thinner layer of fluid near walls that undergoes a more
vigorous natural convection at higher Ra. On the x − z midplane (y = 0.5),
in which side walls are adiabatic, it is seen that the heated fluid rises up, with
the colder fluid moving down and being replaced by the heated one. The flow
pattern is found to be three-dimensional in nature. On the x − y midplane
(z = 0.5), near the hot wall, the fluid, which rises from the bottom of the cavity,
moves towards the cold wall and after some distance changes the direction. For
both the midplanes, as we increase the Rayleigh number, the thermal convective
effects are found to be more dominant. These flow patterns are consistent with
21
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Figure 2: Comparison of the temperature (top) and velocity profiles (bottom) for Rayleigh
number Ra = 105 on the symmetry (x = 0.5) center plane y − z; symbols “ ◦ ” denote the
reference benchmark solutions [33], and lines “−” represent results obtained using 3D thermal
cascaded LBM.
prior numerical solutions [33, 35].
The temperature distributions, represented by isotherms, in midplanes along
different directions for Ra of 104 and 105 are shown in Fig. 4. It can be seen that
as the natural convection effect become more significant, at higher Ra = 105,
the isotherms becomes more horizontal in the region around the center of the
cavity, and becomes nearly vertical in the thin boundary layers closer to the
hot and cold walls. In general, as expected, significant temperature variations
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Figure 3: Projections of streamlines in natural convection in a 3D cavity computed using 3D
thermal cascaded LBM along different center planes at Rayleigh numbers Ra = 104 (left) and
Ra = 105 (right). Top row: y − z plane, Middle row x− z plane, Bottom row: y − x plane.
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Figure 4: Temperature distribution in natural convection in a 3D cavity computed using 3D
thermal cascaded LBM along different center planes at Rayleigh numbers Ra = 104 (left) and
Ra = 105 (right). Top row: y − z plane, Middle row x− z plane Bottom row: y − x plane.
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appear in the thin regions in the vicinity of the isothermal wall surfaces and
more uniform distributions near the adiabatic wall surfaces.
In addition, in order to provide a quantitatively study of the numerical
results, we compare the following main flow and thermal characteristics of nat-
ural convection in a cubic cavity in the symmetry plane (x = 0.5) at Ra = 103,
104 and 105 computed using our 3D thermal cascaded LBM with the reference
benchmark numerical solution [33]: The maximum horizontal velocity umax and
its coordinate location (y, x), the maximum vertical velocity wmax and its co-
ordinate location (y, x); the maximum and minimum Nusselt numbers (Numax
and Numin) and their location, and, finally, the average Nusselt number Numean.
The computed results and the benchmark solutions of these quantities are pre-
sented in Table 1. It can be seen that the DDF-based 3D thermal cascaded
LBM results and the benchmark solutions [33] are in very good quantitative
agreement. âĂŃ
Table 1: Quantitative comparison of key flow and thermal characteristics in natural convection
in a cubic cavity in the symmetry plane (z = 0.5) between the 3D thermal cascaded LBM and
the reference benchmark results obtained using a NSE solver [33].
Ra 103 104 105
Method 3D Cascaded LBM Reference Solution [33] 3D Cascaded LBM Reference Solution [33] 3D Cascaded LBM Reference Solution [33]
Grid size 91× 91× 91 31× 31× 31 91× 91× 91 62× 62× 62 91× 91× 91 62× 62× 62
umax 0.1308 0.1314 0.1965 0.2013 0.1441 0.1468
Position (y, x) (0.5, 0.1910) (0.5, 0.2000) (0.5,0.1910) (0.5 , 0.1833) (0.5,0.1460) (0.5,0.1453)
wmax 0.1308 0.1320 0.2232 0.2252 0.2447 0.2471
Position (y, x) (0.8426, 0.5) (0.8333, 0.5) (0.8876, 0.5) (0.8833, 0.5) (0.9325,0.5) (0.9353,0.5)
Numax 1.4170 1.420 3.5815 3.652 7.745 7.795
Position (y, x) (0, 0.0786 ) (0, 0.08333 ) ( 0, 0.1685 ) (0, 0.1623) (0,0.0786) (0,0.08256)
Numin 0.730 0.7639 0.5925 0.6110 0.772 0.7867
Position (y, x) (0, 1.0) (0, 1.0) (0, 1.0) (0, 1.0) (0,1.0) (0,1.0)
Numean 1.0977 1.105 2.2647 2.302 4.4595 4.646
25
4. Summary and Conclusions
Fluid flows with heat transfer effects via convective transport particularly in
three dimensions (3D), play key role in a wide variety of problems of both fun-
damental and practical interests. Lattice Boltzmann methods are efficient com-
putational kinetic model-based approaches that can handle such multiphysics
fluid flow problems using double distribution function (DDF) formulations. In
this work, we have constructed new 3D cascaded LB models using the D3Q15
and D3Q7 lattices to solve the 3D convection-diffusion based thermal energy
transport equation in the DDF framework, where the fluid motion is computed
from another 3D cascaded LB model from a prior study. The collision step
in this approach for the transport of the temperature field is obtained by the
relaxation of central moments of different orders in a multiple relaxation time
formulation. This involves considering the temperature field as the only colli-
sional invariant, while, by contrast, the LB model for the fluid flow is based on
density and the components of the momentum as the conserved variables. As
a result, the cascaded structure of the 3D collision operator for the solution of
the temperature field is quite different from that of the flow field. In particular,
the cascaded structure emerges from the second moment onwards in the for-
mer case, while for the latter case, it begins from the third order. In addition,
the transport coefficient, i.e. the thermal diffusivity for the temperature field is
related to its relaxation times for the first order moments in the 3D cascaded
collision model, while the kinematic viscosity of the fluid motion is dependent
on the relaxation times of the second order moments of its corresponding 3D
cascaded formulation. The new 3D cascaded LB models are then numerically
investigated for the simulation of the 3D natural convection of air in differen-
tially heated cubic enclosures at various Rayleigh numbers. Comparison of the
computed structure of the velocity profiles and the temperature distribution
against prior numerical results show good agrement. In addition, peak convec-
tion velocities and the heat transfer rates given in terms of the Nusselt number
are in good quantitative agreement with the benchmark solutions at different
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Rayleigh numbers.
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Appendix A. Structure of the 3D Central Moments-based Collision
Kernel for Fluid Flow using D3Q15 Lattice
The details of the derivation of the 3D cascaded LBM for fluid motion with
forcing terms using the D3Q15 lattice is presented in [36]. Here, we summarize
the main results for completeness and for comparison with the corresponding 3D
cascaded LB model for the solution of the transport of a scalar field represented
by the CDE. The collision kernel ĝ = (ĝ0, ĝ1, · · · , ĝ14) in the 3D cascaded LBE
for field flow given in Eq. (2a) depends on the following set of moments:

κˆ
′
xmynzp
κˆeq
′
xmynzp
σˆ
′
xmynzp
ˆ¯κ
′
xmynzp
 =
∑
α

fα
feqα
Sα
f¯α
e
m
αxe
n
αye
p
αz, (A.1)
where ˆ¯κ
′
xmynzp = κˆ
′
xmynzp− 12 σˆ
′
xmynzp . The specific expressions for raw moments
of the source term σˆ
′
xmynzp as well as the corresponding source terms in the
velocity space Sα representing the effect of a body force are presented in [36].
Using the notation ˆ¯η
′
xmynzp = ˆ¯κ
′
xmynzp + σˆ
′
xmynzp and by prescribing a central
moment relaxation at different orders for the D3Q15 lattice, the structure of
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the collision kernel components for ĝ can be expressed as (see [36] for details)
ĝ0 = ĝ1 = ĝ2 = ĝ3 = 0, (A.2)
ĝ4 =
ω4
8
[
−η̂
′
xy + ρuxuy +
1
2
(σ̂
′
xuy + σ̂
′
yux)
]
, (A.3)
ĝ5 =
ω5
8
[
−η̂
′
xz + ρuxuz +
1
2
(σ̂
′
xuz + σ̂
′
zux)
]
, (A.4)
ĝ6 =
ω6
8
[
−η̂
′
yz + ρuyuz +
1
2
(σ̂
′
yuz + σ̂
′
zuy)
]
, (A.5)
ĝ7 =
ω7
4
[
−(η̂
′
xx − η̂
′
yy) + ρ(u
2
x − u2y) + (σ̂
′
xux − σ̂
′
yuy)
]
, (A.6)
ĝ8 =
ω8
12
[
−(η̂
′
xx + η̂
′
yy − 2η̂
′
zz) + ρ(u
2
x + u
2
y − 2u2z)
+(σ̂
′
xux + σ̂
′
yuy − 2σ̂
′
zuz)
]
, (A.7)
ĝ9 =
ω9
18
[
−(η̂
′
xx + η̂
′
yy + η̂
′
zz) + ρ(u
2
x + u
2
y + u
2
z)
+(σ̂
′
xux + σ̂
′
yuy + σ̂
′
zuz) + ρ
]
, (A.8)
ĝ10 =
ω10
16
[
−η̂
′
xyy + 2uy η̂
′
xy + uxη̂
′
yy − 2ρuxu2y −
1
2
σ̂
′
xu
2
y − σ̂
′
yuyux
]
+uy ĝ4 +
1
8
ux(−ĝ7 + ĝ8 + 3ĝ9), (A.9)
ĝ11 =
ω11
16
[
−η̂
′
xxy + 2uxη̂
′
xy + uy η̂
′
xx − 2ρu2xuy −
1
2
σ̂
′
yu
2
x − σ̂
′
xuxuy
]
+uxĝ4 +
1
8
uy(ĝ7 + ĝ8 + 3ĝ9), (A.10)
ĝ12 =
ω12
16
[
−η̂
′
xxz + 2uxη̂
′
xz + uz η̂
′
xx − 2ρu2xuz −
1
2
σ̂
′
zu
2
x − σ̂
′
xuxuz
]
+uxĝ5 +
1
8
uz(ĝ7 + ĝ8 + 3ĝ9), (A.11)
ĝ13 =
ω13
8
[
−η̂
′
xyz + uxη̂
′
yz + uy η̂
′
xz + uz η̂
′
xy − 2ρuxuyuz −
1
2
(
σ̂
′
xuyuz
+σ̂
′
yuxuz + σ̂
′
zuxuy
)]
+ uz ĝ4 + uy ĝ5 + uxĝ6, (A.12)
ĝ14 =
ω14
16
[
−η̂
′
xxyy + 2uxη̂
′
xyy + 2uy η̂
′
xxy − u2xη̂
′
yy − u2y η̂
′
xx − 4uxuy η̂
′
xy
+˜̂κxx˜̂κyy + 3ρu2xu2y + σ̂′xuxu2y + σ̂′yuyu2x]− 2uxuy ĝ4 + 18(u2x − u2y)ĝ7
+
1
8
(−u2x − u2y)ĝ8 +
(
3
8
(−u2x − u2y)−
1
2
)
ĝ9 + 2uxĝ10 + 2uy ĝ11,(A.13)
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where ω4, ω5, . . . , ω14 are the relaxation parameters (0 < ωβ < 2 for β =
4, 5, · · · , 14). The relaxation times for the second order moments are related to
the kinematic viscosity ν of the fluid being simulated through ν = c2s(
1
ωj
− 12 ),
where j = 5, · · · , 9. In this work, we choose c2s = 1/3. The rest of the relaxation
parameters, which influence numerical stability, are set to unity in the present
work. Finally, by expanding the product (K · ĝ)α in Eq. (2a), the post-collision
values of the distribution function are given by
f˜0 = f0 + [ĝ0 − 2ĝ9 + 32ĝ14] + S0,
f˜1 = f1 + [ĝ0 + ĝ1 + ĝ7 + ĝ8 − ĝ9 − 8ĝ10 − 8ĝ14] + S1,
f˜2 = f2 + [ĝ0 − ĝ1 + ĝ7 + ĝ8 − ĝ9 + 8ĝ10 − 8ĝ14] + S2,
f˜3 = f3 + [ĝ0 + ĝ2 − ĝ7 + ĝ8 − ĝ9 − 8ĝ11 − 8ĝ14] + S3,
f˜4 = f4 + [ĝ0 − ĝ2 − ĝ7 + ĝ8 − ĝ9 + 8ĝ11 − 8ĝ14] + S4,
f˜5 = f5 + [ĝ0 + ĝ3 − 2ĝ8 − ĝ9 − 8ĝ12 − 8ĝ14] + S5,
f˜6 = f6 + [ĝ0 − ĝ3 − 2ĝ8 − ĝ9 + 8ĝ12 − 8ĝ14] + S6,
f˜7 = f7 + [ĝ0 + ĝ1 + ĝ2 + ĝ3 + ĝ4 + ĝ5 + ĝ6 + ĝ9 + 2ĝ10 + 2ĝ11 + 2ĝ12
+ĝ13 + 2ĝ14] + S7,
f˜8 = f8 + [ĝ0 − ĝ1 + ĝ2 + ĝ3 − ĝ4 − ĝ5 + ĝ6 + ĝ9 − 2ĝ10 + 2ĝ11 + 2ĝ12
−ĝ13 + 2ĝ14] + S8,
f˜9 = f9 + [ĝ0 + ĝ1 − ĝ2 + ĝ3 − ĝ4 + ĝ5 − ĝ6 + ĝ9 + 2ĝ10 − 2ĝ11 + 2ĝ12
−ĝ13 + 2ĝ14] + S9,
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f˜10 = f10 + [ĝ0 − ĝ1 − ĝ2 + ĝ3 + ĝ4 − ĝ5 − ĝ6 + ĝ9 − 2ĝ10 − 2ĝ11 + 2ĝ12
+ĝ13 + 2ĝ14] + S10,
f˜11 = f11 + [ĝ0 + ĝ1 + ĝ2 − ĝ3 + ĝ4 − ĝ5 − ĝ6 + ĝ9 + 2ĝ10 + 2ĝ11 − 2ĝ12
−ĝ13 + 2ĝ14] + S11,
f˜12 = f12 + [ĝ0 − ĝ1 + ĝ2 − ĝ3 − ĝ4 + ĝ5 − ĝ6 + ĝ9 − 2ĝ10 + 2ĝ11 − 2ĝ12
−ĝ13 + 2ĝ14] + S12,
f˜13 = f13 + [ĝ0 + ĝ1 − ĝ2 − ĝ3 − ĝ4 − ĝ5 + ĝ6 + ĝ9 + 2ĝ10 − 2ĝ11 − 2ĝ12
+ĝ13 + 2ĝ14] + S13,
f˜14 = f14 + [ĝ0 − ĝ1 − ĝ2 − ĝ3 + ĝ4 + ĝ5 + ĝ6 + ĝ9 − 2ĝ10 − 2ĝ11 − 2ĝ12
−ĝ13 + 2ĝ14] + S14. (A.14)
Then, after performing the streaming step as given in Eq. (2b), we get the
updated distribution function from which the velocity field u can be computed
as shown in Eq. (3).
Appendix B. Source Terms for the 3D Cascaded LBE for Scalar
Field using D3Q15 Lattice
Using the source moments projected to the orthogonal basis vectors m̂s,φ
defined in Eq. (20) and inverting it by using Sφ = K−1 · m̂s,φ, and exploiting
the orthogonality of the collision matrix K, we get following expressions for the
source terms in the velocity space for the D3Q15 lattice used in the solution of
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the 3D CDE:
Sφ0 =
1
45
[
3m̂s,φ0 − 5m̂s,φ9 + m̂s,φ14
]
,
Sφ1 =
1
180
[
12m̂s,φ0 + 18m̂
s,φ
1 + 45m̂
s,φ
7 + 15m̂
s,φ
8 − 10m̂s,φ9 − 9m̂s,φ10 − m̂s,φ14
]
,
Sφ2 =
1
180
[
12m̂s,φ0 − 18m̂s,φ1 + 45m̂s,φ7 + 15m̂s,φ8 − 10m̂s,φ9 + 9m̂s,φ10 − m̂s,φ14
]
,
Sφ3 =
1
180
[
12m̂s,φ0 + 18m̂
s,φ
2 − 45m̂s,φ7 + 15m̂s,φ8 − 10m̂s,φ9 − 9m̂s,φ11 − m̂s,φ14
]
,
Sφ4 =
1
180
[
12m̂s,φ0 − 18m̂s,φ2 − 45m̂s,φ7 + 15m̂s,φ8 − 10m̂s,φ9 + 9m̂s,φ11 − m̂s,φ14
]
,
Sφ5 =
1
180
[
12m̂s,φ0 + 18m̂
s,φ
3 − 30m̂s,φ8 − 10m̂s,φ9 − 9m̂s,φ12 − m̂s,φ14
]
,
Sφ6 =
1
180
[
12m̂s,φ0 − 18m̂s,φ3 − 30m̂s,φ8 − 10m̂s,φ9 + 9m̂s,φ12 − m̂s,φ14
]
,
Sφ7 =
1
720
[
48m̂s,φ0 + 72m̂
s,φ
1 + 72m̂
s,φ
2 + 72m̂
s,φ
3 + 90m̂
s,φ
4 + 90m̂
s,φ
5 + 90m̂
s,φ
6 + 40m̂
s,φ
9
+9m̂s,φ10 + 9m̂
s,φ
11 + 9m̂
s,φ
12 + 90m̂
s,φ
13 + m̂
s,φ
14
]
,
Sφ8 =
1
720
[
48m̂s,φ0 − 72m̂s,φ1 + 72m̂s,φ2 + 72m̂s,φ3 − 90m̂s,φ4 − 90m̂s,φ5 + 90m̂s,φ6 + 40m̂s,φ9
−9m̂s,φ10 + 9m̂s,φ11 + 9m̂s,φ12 − 90m̂s,φ13 + m̂s,φ14
]
,
Sφ9 =
1
720
[
48m̂s,φ0 + 72m̂
s,φ
1 − 72m̂s,φ2 + 72m̂s,φ3 − 90m̂s,φ4 + 90m̂s,φ5 − 90m̂s,φ6 + 40m̂s,φ9
+9m̂s,φ10 − 9m̂s,φ11 + 9m̂s,φ12 − 90m̂s,φ13 + m̂s,φ14
]
,
Sφ10 =
1
720
[
48m̂s,φ0 − 72m̂s,φ1 − 72m̂s,φ2 + 72m̂s,φ3 + 90m̂s,φ4 − 90m̂s,φ5 − 90m̂s,φ6 + 40m̂s,φ9
−9m̂s,φ10 − 9m̂s,φ11 + 9m̂s,φ12 + 90m̂s,φ13 + m̂s,φ14
]
,
Sφ11 =
1
720
[
48m̂s,φ0 + 72m̂
s,φ
1 + 72m̂
s,φ
2 − 72m̂s,φ3 + 90m̂s,φ4 − 90m̂s,φ5 − 90m̂s,φ6 + 40m̂s,φ9
+9m̂s,φ10 + 9m̂
s,φ
11 − 9m̂s,φ12 − 90m̂s,φ13 + m̂s,φ14
]
,
Sφ12 =
1
720
[
48m̂s,φ0 − 72m̂s,φ1 + 72m̂s,φ2 − 72m̂s,φ3 − 90m̂s,φ4 + 90m̂s,φ5 − 90m̂s,φ6 + 40m̂s,φ9
−9m̂s,φ10 + 9m̂s,φ11 − 9m̂s,φ12 + 90m̂s,φ13 + m̂s,φ14
]
,
Sφ13 =
1
720
[
48m̂s,φ0 + 72m̂
s,φ
1 − 72m̂s,φ2 − 72m̂s,φ3 − 90m̂s,φ4 − 90m̂s,φ5 + 90m̂s,φ6 + 40m̂s,φ9
+9m̂s,φ10 − 9m̂s,φ11 − 9m̂s,φ12 + 90m̂s,φ13 + m̂s,φ14
]
,
Sφ14 =
1
720
[
48m̂s,φ0 − 72m̂s,φ1 − 72m̂s,φ2 − 72m̂s,φ3 + 90m̂s,φ4 + 90m̂s,φ5 + 90m̂s,φ6 + 40m̂s,φ9
−9m̂s,φ10 − 9m̂s,φ11 − 9m̂s,φ12 − 90m̂s,φ13 + m̂s,φ14
]
. (B.1)
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Appendix C. 3D Cascaded LB Model for Transport of Temperature
Field using D3Q7 Lattice
The CDE for the scalar field φ, such as the temperature, given in Eq. (4)
has the diffusion term with lower degree of symmetry than that of the viscous
stress tensor term in the NSE. As a result, the lattice set to represent the CDE
can possibly satisfy lower degree of symmetry and isotropy requirements than
that for the NSE. Hence, one can also construct a simplified 3D cascaded LBE
for the CDE using a three-dimensional, seven velocity (D3Q7) lattice. In this
regard, the components of the particle velocity along with the unit vector for
this lattice are given by
|eαx〉 = (0, 1,−1, 0, 0, 0, 0)† ,
|eαy〉 = (0, 0, 0, 1,−1, 0, 0)† ,
|eαz〉 = (0, 0, 0, 0, 0, 1,−1)† ,
|φ〉 = (1, 1, 1, 1, 1, 1, 1)† . (C.1)
Starting from the nominal basis vectors
T0 = |φ〉 ,
T1 = |eαx〉 , T2 = |eαy〉 , T3 = |eαz〉 ,
T4 = |e2αx − e2αy〉 , T5 = |e2αx − e2αz〉
T6 = |e2αx + e2αy + e2αz〉 ,
and applying the Gram-Schmidt procedure, the corresponding linearly indepen-
dent orthogonal basis vectors are given by
K0 = |φ〉
K1 = |eαx〉 , K2 = |eαy〉 , K3 = |eαz〉 , K4 = |e2αx − e2αy〉 ,
K5 = 2 |e2αx − e2αz〉 − |e2αx − e2αy〉 , K6 = 7 |(e2αx + e2αy + e2αz)〉 − 6 |φ〉 .
Next, the orthogonal collision matrix can be written as
K = [K0,K1,K2,K3,K4,K5,K6,K7] . (C.2)
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The discrete central moments of various quantities and their corresponding raw
moments are given in Eq. (16) and Eq. (19), respectively, where α = 0, 1, · · · , 6
is considered. Following the overall procedure discussed in Sec. 2 and adopting
it for the D3Q7 lattice, various results can now be summarized. First, the raw
moments of the source term at different orders are given by
σˆφ
′
0 = R,
σˆφ
′
x = uxR, σˆ
φ′
y = uyR, σˆ
φ′
z = uzR,
σˆφ
′
xx = u
2
xR, σˆ
φ′
yy = u
2
yR, σˆ
φ′
zz = u
2
zR. (C.3)
Then, as in Sec. 2 transforming them to the velocity space, the source term in
the particle velocity space are given as
Sφ0 =
1
7
[
m̂s,φ0 − m̂s,φ6
]
,
Sφ1 =
1
84
[
12m̂s,φ0 + 42m̂
s,φ
1 + 21m̂
s,φ
4 + 7m̂
s,φ
5 + 2m̂
s,φ
6
]
,
Sφ2 =
1
84
[
12m̂s,φ0 − 42m̂s,φ1 + 21m̂s,φ4 + 7m̂s,φ5 + 2m̂s,φ6
]
,
Sφ3 =
1
84
[
12m̂s,φ0 + 42m̂
s,φ
1 − 21m̂s,φ4 + 7m̂s,φ5 + 2m̂s,φ6
]
,
Sφ4 =
1
84
[
12m̂s,φ0 − 42m̂s,φ1 − 21m̂s,φ4 + 7m̂s,φ5 + 2m̂s,φ6
]
,
Sφ5 =
1
42
[
6m̂s,φ0 + 21m̂
s,φ
3 − 7m̂s,φ5 + m̂s,φ6
]
,
Sφ6 =
1
42
[
6m̂s,φ0 − 21m̂s,φ3 − 7m̂s,φ5 + m̂s,φ6
]
, (C.4)
where
m̂s,φ0 = 〈K0|Sφα〉 = R, m̂s,φ1 = 〈K1|Sφα〉 = uxR, m̂s,φ2 = 〈K2|Sφα〉 = uyR,
m̂s,φ3 = 〈K3|Sφα〉 = uzR, m̂s,φ4 = 〈K4|Sφα〉 = (u2x − u2y)R,
m̂s,φ5 = 〈K5|Sφα〉 = (u2x + u2y − 2uz2)R,
m̂s,φ6 = 〈K6|Sφα〉 = (7u2x + u2y + u2z − 6)R. (C.5)
Then, by prescribing the relaxation of central moments to their corresponding
equilibria for first and higher orders, and following the approach presented in
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Sec. 2, we get the collision kernel for the D3Q7 lattice as
ĥ1 = 0,
ĥ1 =
ωφ1
2
[
φux − κ̂φ
′
x − ux(R/2)
]
,
ĥ2 =
ωφ2
2
[
φuy − κ̂φ
′
y − uy(R/2)
]
,
ĥ3 =
ωφ3
2
[
φuz − κ̂φ
′
z − uz(R/2)
]
,
ĥ4 =
ωφ4
4
[
−(η̂φ
′
xx − η̂
φ′
yy) + 2(uxη̂
φ′
x − uy η̂
φ′
y )−
(
φ+
R
2
)
(u2x − u2y)
]
+
uxĥ1 − uyĥ2,
ĥ5 =
ωφ5
12
[
−(η̂φ
′
xx + η̂
φ′
yy − 2η̂
φ′
zz) + 2(uxη̂
φ′
x + uy η̂
φ′
y − 2uz η̂
φ′
z )−
(
φ+
R
2
)
(u2x + u
2
y − 2u2z)
]
+
1
3
(
uxĥ1 + uyĥ2 − 2uzĥ3
)
,
ĥ6 =
ωφ6
6
[
3c2sφφ− (η̂
φ′
xx + η̂
φ′
yy + η̂
φ′
zz) + 2(uxη̂
φ′
x + uy η̂
φ′
y + uz η̂
φ′
z )−
(
φ+
R
2
)
(u2x + u
2
y + u
2
z)
]
+
2
3
(
uxĥ1 + uyĥ2 + uzĥ3
)
, (C.6)
where ωφ1 , ω
φ
2 , . . . , ω
φ
6 are relaxation parameters and the definition given in Eq. (21)
for the raw moment η̂
φ′
xmynzp is used for compact representation. The coefficient
of diffusivity of the scalar field in the CDE, i.e. Dφ in Eq. (4) is related to the
relaxation parameters for the first order moments through Dφ = c2sφ(
1
ωφj
− 12 ),
where j = 1, 2, 3. Finally, the post-collision values of the distribution function
are obtained from Eq. (15a) after expanding (K · ĥ)α for the D3Q7 lattice as
g˜0 = g0 +
[
ĥ0 − 6ĥ6
]
+ Sφ0 ,
g˜1 = g1 +
[
ĥ0 + ĥ1 + ĥ4 + ĥ5 + ĥ6
]
+ Sφ1 ,
g˜2 = g2 +
[
ĥ0 − ĥ1 + ĥ4 + ĥ5 + ĥ6
]
+ Sφ2 ,
g˜3 = g3 +
[
ĥ0 + ĥ2 − ĥ4 + ĥ5 + ĥ6
]
+ Sφ3 ,
g˜4 = g4 +
[
ĥ0 − ĥ2 − ĥ4 + ĥ5 + ĥ6
]
+ Sφ4 ,
g˜5 = g5 +
[
ĥ0 + ĥ3 − 2ĥ5 + ĥ6
]
+ Sφ5 ,
g˜6 = g6 +
[
ĥ0 − ĥ3 − 2ĥ5 + ĥ6
]
+ Sφ6 . (C.7)
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